We classify the standard model fermions, which originate from bulk fields of the 27 or 27 representation after orbifold breaking, in E 6 grand unified theories on 5 or 6-dimensional space-time, under the condition that q, e c and u c survive as zero modes.
Introduction
Grand unification is attractive, because it offers a unification of force and a (partial-)unification of quarks and leptons in each family. [1, 2, 3] In the grand unification based on the E 6 gauge group, E 6 has the standard model (SM) gauge group G SM = SU (3) C × SU (2) L ×U (1) Y as a subgroup, the left-handed multiplet of the 27 representation includes the SM matters in each family, and the SM Higgs particle can be in a member of bosonic component in the multiplet of 27. [4] However, lot of extra particles exist in multiplets of E 6 , e.g., 66 extra ones in the gauge boson multiplet of 78 and 11 extra ones in each matter multiplet of 27. In most cases, the unwelcome particles are expected to be heavy after the breakdown of E 6 into G SM and decouple in the low-energy physics, because they are not chiral under G SM . It can be backed by the survival hypothesis. [5] In this case, it depends on models which particles survive in the SM.
In 4-dimensional models, a Weyl fermion of 27 contains two sets of the charge conjugated state (d c ) of right-handed down type quark, the charged lepton doublet (l ) and the neutrino singlet (ν) in the SM language, and one of them or a linear combination of them would be the SM one.
By the extension of models on a higher-dimensional space-time including orbifolds as an extra space, 1,2 two additional features are provided. One is that right-handed Weyl fermions can also appear after compactification, because a fermion on the higher-dimensional space-time contains both left-handed and right-handed components in terms of 4-dimensional Weyl fermion. Hence a fermion of 27 can contain mirror particles for d c and l . Some of them (which would be right-handed components) can be regarded as d c and l (which would be left-handed ones) after the charge conjugation has been carried out. In a similar way, 27 can be also useful on the model-building, because SM fermions can originate from it. The other is that 4-dimensional fields are regarded as zero modes after imposing orbifold boundary condition. In this process, the survival hypothesis does not necessarily work, and it depends on boundary conditions which particles survive in the low energy theory. Considering the above features, it is interesting to study under what type of boundary conditions SM matters survive after orbifolding. In this paper, we classify the SM particles, which originate from bulk fields of 27 or 27 after orbifold breaking, in E 6 grand unified theories on 5 or 6-dimensional space-time, under the condition that the quark doublet (q), the charge conjugated state (e c ) of right-handed electron type lepton and the charge conjugated state (u c ) of right-handed up type quark survive as zero modes. The analysis is carried out based on the subgroup SU (3) × SU (3) × SU (3) of E 6 and the diagonal embedding of Z M orbifolding (M = 2, 3, 4, 6). The outline of our paper is as follows. In the next section, we explain features of E 6 grand unified theory and Z N orbifold breaking. We classify the SM matters, which originate from bulk fields of 27 or 27 by orbifolding in section 3. In the last section, conclusions and a discussion are presented.
2 E 6 GUT and Z N orbifold breaking 2.1 E 6 grand unification E 6 has three types of maximal subgroup such as SO(10) ×U (1), SU (6) × SU (2) and SU (3)×SU (3)×SU (3). [17] We consider the subgroup
Here, the first SU (3) is identified with SU (3) C , the second one contains SU (2) L as a subgroup, and the third one is denoted by SU (3) X . Under G Tri and
The 27 and 27 representations are decomposed into a sum of multiplets such that
and
where representations of G Tri and G 32111 are denoted as (SU (3) C , SU (3) L , SU (3) X ) in (1) and (3) and as (SU (3) C , SU (2) L ) Q L8 ,Q X 3 ,Q X 8 in (2) and (4), respectively. Here, Q L8 , Q X 3 , and Q X 8 are U (1) charges relating U (1) L8 , U (1) X 3 and U (1) X 8 , respectively.
If we require that one family of SM matters should be included in a 27, there exist three types of definition for the hypercharge Y in the SM such that
The representations are given based on Y (1) in Table 2 . In Table 2 Accompanied by the identification of points on the extra space, the following boundary conditions for a field Φ(x, y) can be imposed on
where 4 The orbifold breaking on S 1 /Z 2 is characterized by P 0 and P 1 .
Next we consider 2-dimensional orbifold
The orbifold breaking on S 1 /Z 2 × S 1 /Z 2 is characterized by two pairs of Z 2 transformation matrices denoted by (P 10 , P 11 ) and (P 20 , P 21 ). [26] Let z be the complex coordinate of T 2 /Z N . Here, T 2 is constructed using a 2-dimensional lattice. On T 2 , the points z + e 1 and z + e 2 are identified with the 4 The Z 2 orbifolding was used in superstring theory [19] and heterotic M-theory. [20] In field theoretical models, it was applied to the reduction of global SUSY, [21, 22] which is an orbifold version of Scherk-Schwarz mechanism, [23, 24] and then to the reduction of gauge symmetry. [25] point z where e 1 and e 2 are basis vectors. The orbifold
identified with ρz. For T 2 /Z 2 , basis vectors are given by e 1 = 1 and e 2 = i , and the orbifold breaking is featured by P 0 , P 1 and P 2 , which are related to the Z 2 transformations z → −z, z → e 1 − z and z → e 2 − z, respectively. Basis vectors, representation matrices and their transformation property of T 2 /Z N are summarized in Table 1 . [26, 27] 
Elements for Z M transformation
We explain the assignment of discrete charge or element for Z M transformation using the breakdown of SU (3) into its subgroups as an example. In the case with the representation matrix
SU ( = 1 and we refer them to Z M elements. 6 Then the fundamental representation 3 is decomposed into a sum of multiplets such that
5 Though the number of independent representation matrices for T 2 /Z 6 is stated to be three in [26] , it should be two because other operations are generated using z → e πi/3 z and z → e 1 −z. 6 The Z M elements are given by e 2πin/M (n = 0, 1, · · · , M − 1), and the number n/M is the charge for Z M transformation, which is usually called Z M charge.
where numbers listed in bold font in the right hand side stand for representations of SU (2), numbers indicated by a subscript are U (1) charge and symbols in the bracket are Z M elements (η is the intrinsic Z M element of 3). The conjugate representation 3 is equivalent to the antisymmetric part of the product 3 × 3, and hence 3 is decomposed into a sum of multiplets such that
where the subscript (A) represents antisymmetric part andη is the intrinsic Z M element of 3. Using (ρ 1 ) 2 ρ 2 = α, (11) is rewritten by
where ρ i (i = 1, 2) is the complex conjugation of ρ i andη ′ =ηα. In a similar way, for the representation matrix
SU (3) is broken down to U (1) ×U (1), and then the 3 is decomposed into a sum of multiplets such that
where numbers in the right hand side stand for representations of U (1) charges and symbols are Z M elements including the intrinsic Z M element η. The 3 with the intrinsic Z M elementη is decomposed into a sum of multiplets such that
is rewritten by
where ρ j ( j = 1, 2, 3) is the complex conjugation of ρ j andη ′′ =ηβ. Finally, we explain a fermion on 6-dimensional spacetime. We use the metric η M N = diag(1, −1, −1, −1, −1, −1) (M, N = 0, 1, 2, 3, 5, 6) and the following representation for 6-dimensional gamma matrices:
where µ = 0, 1, 2, 3 and I 4×4 is the 4 × 4 unit matrix. The Γ M s satisfy the Clifford algebra {Γ M , Γ N } = 2η M N where η M N is the inverse of η M N . The chirality operator Γ 7 for 6-dimensional fermion Ψ is defined as
where γ 5 is the chirality operator for 4-dimensional fermion. The fermion (Ψ + ) with positive chirality and the fermion (Ψ − ) with negative chirality are given by
respectively. In terms of 4-dimensional Weyl fermions
L , the kinetic terms for Ψ + and Ψ − are rewritten as
where Ψ + , Ψ − , Γ z and Γ z are defined by c ),
where
is the complex conjugation of P Ψ c ),
is the complex conjugation of P Ψ 
Classification of SM particles

Assignment of Z M elements
The orbifold breaking is characterized by a set of representation matrices. We consider the embedding by diagonal matrices based on the subgroup G Tri = SU (3) C × SU (3) L × SU (3) X , for simplicity. Let us take the representation matrix
to keep SU (3) C and SU (2) L unbroken. Here, ρ i s are elements of Z M . The species and Z M element for matters derived from 27 are assigned in Table 2 . In the 4-th and 6-th column, P f L and P ( f R ) c are the Z M element of lefthanded fermion and its charge conjugation of right-handed fermion, respectively. The P ( f R ) c is determined by using (26) . The η is the intrinsic Z M element of 27, and ρ i is the complex conjugation of ρ i . This assignment is applicable to the case with the extra space S 1 /Z 2 . 
In Table 3 , the species and Z M element P b α and P b α for multiplets from 
Representations b
From the Z M invariance of gauge kinetic term, the following relations are derived
The first relation comes from that the Z M element for the gauge boson with complex-conjugate representation R is the complex conjugation for that with R. In fact, the relation ρ From the Z M invariance of 27 × 27 × 27 up to an overall factor, 7 we obtain the relation
Combining (28) and (29), we obtain the relation
and (ρ 1 ) 3 = 1 leads to
where ω = e 2πi /3 . It is shown that P b α and P b α agree with those obtained from 27 × 27 by use of (30). Then we find that the Z M element for ( f R ) c from 27 agrees with that for f L from 27 and the Z M element for f L from 27 agrees with as that for ( f R ) c from 27, if the intrinsic Z M element of 27 is assigned by η 27 = ρη. Hence we study the classification based on 27. Now let us impose the following conditions from a phenomenological point of view, in order to reduce the assignment of Z M element. 1. The species q, e c and u c in each family of the SM survive as zero modes after compactification. 8 7 We can construct Z M invariant terms such as 27 a × 27 b × 27 c or 1 × · · · × 1 × 27 × 27 × 27 by introducing differnt multiples and/or gauge singlets 1 with a suitable intrinsic Z M element. 8 There is a proposal that a large flavor mixing in lepton sector and a milder mass hierarchy of leptons and down-type quarks than up-type quarks can be explained from a difference of origin for species. That is, the species in 10s of SU (5) come from the corresponding 27s, and those in 5s come from the first two 27s. [28] This interesting possibility would be excluded if we impose a stronger condition that all members of one family survive as zero modes after compactification.
2. Most zero modes of mirror fermions (except SM singlets) are projected out by orbifolding. Using the assignment of Z M element in Table 2 and the first condition, the relations ηρ 1 ρ 2 = 1, η(ρ 2 ) 2 ρ 4 = 1, and η(ρ 1 ) 2 ρ 5 ρ 6 = 1 are required.
Combining them with (28) and (29), we derive the relations
Hence the representation matrix is given by
where ρ 1 = 1 for M = 2, 4 and
Using (33), the Z M element for f L is given by
Then the following relations hold
In the same way, the Z M element for ( f R ) c is given by
For reference, the Z M element for extra gauge bosons with non-vanishing gauge quantum numbers is given by (c) The extra gauge bosons with (3, 2) −1/3,−1,−1/3 and (3, 2) 1/3,1,1/3 always have zero modes, and E 6 does not break down to G Tri and its subgroups in our setup. Because the representation matrix based on Y (2) (Y (3) ) is obtained by exchanging ρ 4 and ρ 5 (ρ 4 and ρ 6 ), we obtain same results irrespective of the definition of hypercharge. Hence we consider the case with Y (1) , in the following.
M = 2
The representation matrix for M = 2 is given by
where we use η = η, ρ 1 = 1 and ρ 5 = ρ 5 , .
The matrix (39) is characterized by η and ρ 5 . The Z 2 element and species with even parity are given in Table 4 . In Table 4 , the species in square bracket 
all members of one SM family (except a neutrino singlet) in the smallest gauge group. For S 1 /Z 2 , the combination of representation matrices such that
generates zero modes of (q, e c , u
For T 2 /Z 2 , the same matters and gauge group are obtained with P 2 = P 0 or P 1 , as well as the above P 0 and P 1 .
M = 3
The representation matrix for M = 3 is given by
where we use η = η 2 , ρ 1 = (ρ 1 ) 2 and ρ 5 = (ρ 5 ) 2 . The following relations hold 
M = 4
The representation matrix for M = 4 is given by
where we use η = η 3 , ρ 1 = 1 and ρ 5 = (ρ 5 ) 3 . The following relations hold
Here, we consider a possibility that all charged mirror fermions are projected out by Z 4 orbifolding, for simplicity. The value of intrinsic Z 4 element is determined as η = i , The Z 4 element and species with zero modes are given in Table 5 . The species in square bracket originate from the charge conjugation of right-handed one. For reference, we list a case that d c and l are absent.
Conclusions and discussion
We have classified the standard model particles, which originate from bulk fields with 27 or 27 after orbifold breaking, in E 6 grand unified theories on 5 or 6-dimensional space-time, and found that just standard model family members survive under relatively big gauge groups such as SO(10) × U (1) and SU (5) × U (1) 2 after orbifolding, under the condition that q, e c and u c survive as zero modes. They can be a starting point to study a realistic grand unified theory.
There are several open questions towards realistic model building, which are left future work.
First one is how to break SO(10) ×U (1) and SU (5) ×U (1) 2 down to the SM gauge group G SM , and further how to break the electroweak one SU (2) L ×U (1) Y down to U (1) E M and give masses to matter fields. The breakdown of extra gauge symmetry can be realized by the vacuum expectation value (VEV) of extra scalar fields through Higgs mechanism and/or some extra-dimensional components of gauge field, if there exist, thanks to Hosotani mechanism. [29] As another path, there is a possibility that smaller gauge groups such as G Tri and G 32111 are obtained through orbifolding, unless the condition that q, e c and u c survive as zero modes is imposed on. Second one is how to understand the origin of three families. Orbifold family unification models may give us a hint. [30, 31] .
Last one is how to verify higher-dimensional E 6 grand unification on orbifold. In 4-dimensional models, there are proposals that fermion masses can be useful probes [32] , and sfermion masses can be also useful to know a pattern of gauge symmetry breaking in the supersymmetric (SUSY) extensions. [33, 34] 9 Hence it would be interesting to study the structure of Yukawa couplings and sfermion mass relations based on SUSY E 6 orbifold grand unification models.
